This paper investigates the problem of finite-time state feedback stabilization for nonholonomic mobile robot with stochastic disturbance in the forward velocity. First of all, an appropriate state/input transformation is introduced to convert the mentioned control model into stochastic nonholonomic system in chain form. Then, by using stochastic finite-time stability theorem and the method of adding a power integrator, a state feedback controller is obtained. Based on switching strategy to eliminate the phenomenon of uncontrollability, the proposed controller can guarantee that the closed-loop system is globally finite-time regulated at origin in probability. A simulation example is finally provided to demonstrate the validness of the proposed approach.
Introduction
The nonholonomic systems, which can be modeled with constraints concerning velocity or acceleration as well as coordinates and position angle, have attracted intensive attention over the past decades. As a class of typical nonholonomic systems, the mobile robots have caused the extensive concern. Nonholonomic mobile robots have good flexibility, since they could realize autonomous movement in the case of nobody involving. However, due to the limitations imposed by Brockett's condition [1] , this class of nonlinear systems cannot be stabilized by stationary continuous state-feedback, although it is (open-loop) controllable. There are currently several effective control methodologies that overcome the topological obstruction. The idea of using time-varying smooth controller was first proposed in [2] , in order to stabilize a mobile robot. For driftless systems in chained form, several novel approaches have been proposed for the design of periodic, smooth, or continuous stabilizing controllers [3, 4] . Most of the time-varying control scheme suffer from a slow convergence rate and oscillation. However, it has been observed that a discontinuous feedback control scheme usually results in a fast convergence rate. An elegant approach to constructing discontinuous feedback controller was developed in [5] . The drawback is that there is a restriction on the initial conditions of the controlled system. This limitation has been overcome by a switching state or output control scheme [6] . More meaningly, the exponential stabilization for nonholonomic mobile robots with stochastic disturbances has been recently investigated [7] . However, it should be mentioned that those aforementioned papers consider the feedback stabilizer that makes the trajectories of the systems converge to the equilibrium as the time goes to infinity.
Compared to the asymptotic (or exponential) stabilization, the finite-time stabilization, which renders the trajectories of the closed-loop systems convergent to the origin in a finite time, has many advantages such as fast response, high tracking precision, and disturbance-rejection properties. This provides the motivation for us to apply the finite-time control technique to achieve the control target for nonholonomic mobile robots. Recently with help of time-rescaling, and Lyapunov based method, [8] proposed a novel switching finite time control strategy to nonholonomic chained systems in the deterministic setting. However, stochastic nonholonomic mobile robots cannot be finite-time stabilized by general existing methods because of the presence of stochastic disturbance. As pointed out by Yin et al. [9] , the existence of a unique solution and the nonsatisfaction of local Lipschitz condition are the preconditions of discussing the finite-time stability for a stochastic nonlinear system. To the best of the authors' knowledge, up to now under what conditions, the stochastic nonlinear systems exist possibly finite-time stabilizer, remains unknown and unanswered.
The purpose of this paper is to consider the finite-time stabilization for nonholonomic mobile robot with stochastic disturbance in the forward velocity. By an appropriate state transformation, the mentioned control model is transformed into stochastic nonholonomic system in chain form. Then, by using input-state-scaling and adding a power integrator design method, and based on stochastic finite-time stability theorem, by skillfully constructing C 2 Lyapunov functions, a state feedback controller is successfully achieved to guarantee that the closed-loop system states are globally regulated to zero within a given settling time almost surely.
The remainder of this paper is organized as follows. Section 2 presents some necessary notations, definitions and preliminary results. Section 3 describes the systems to be studied and formulates the control problem. Section 4 presents the input-state-scaling transformation and the adding a power integrator design procedure, while Section 5 provides the switching control strategy and the main result. Section 5 gives simulation result to illustrate the theoretical finding of this paper. Finally, concluding remarks are proposed in Section 6.
Notations and Preliminary Results
The following notations and lemmas are to be used throughout the paper. R + denotes the set of all nonnegative real numbers and R n denotes the real n-dimensional space. For a given vector or matrix X, X T denotes its transpose, T r{X} denotes its trace when X is square, and |X| is the Euclidean norm of a vector X. C i denotes the set of all functions with continuous ith partial derivatives. K denotes the set of all functions: R + → R + , which are continuous, strictly increasing and vanishing at zero; K ∞ denotes the set of all functions which are of class K and unbounded.
Consider the stochastic nonlinear system
where x ∈ R n is the system state with the initial condition x(0) = x 0 ; ω is an m-dimensional independent standard Wiener process defined on a complete probability space (Ω, F, {F t } t≥0 , P ) with Ω being a sample space, F being a σ-field, {F t } t≥0 being a filtration, and P being a probability measure. The functions: f : R + × R n → R n and g : R + × R n → R n×m are piecewise continuous and continuous with respect to the first and second arguments, respectively, and satisfy f (t, 0) ≡ 0 and g(t, 0) ≡ 0.
We next provide four lemmas which will play an important role in the later development.
Lemma 1 [10] . Assume that f (t, x) and g(t, x) are continuous in x. Further, for any 0 < δ < 1, each N = 1, 2, · · · , and each 0 ≤ T < ∞, if the following conditions hold:
where c(t) and c N T (t) are nonnegative functions such that
Then for any given x 0 ∈ R n , system (1) has a pathwise unique strong solution.
Lemma 2 [11] . Consider the stochastic nonlinear system described in (1) . Suppose there exists a C 2 function V (x), class K ∞ functions µ 1 and µ 2 , real numbers c > 0 and 0 < α < 1, such that
Then it is globally finite-time stable in probability and the stochastic settling time function
Lemma 3 [12] . For any real numbers x i , i = 1, · · · , n and 0 < b < 1, the following inequality holds:
where p > 0 and q > 0 are odd integers,
Lemma 4 [12] . Let c, d be positive real numbers and π(x, y) > 0 be a real-valued function. Then, 
Problem Formulation
Consider the kinematic model of a mobile robot with two differentially driven rear wheels and a castor front wheel [13] , which can be described by
where (x c , y c ) denotes the position of the center of mass of the robot, θ is the heading angle of the robot, v is the forward velocity and ω is the angular velocity of the robot.
When the forward velocity v is subject to some stochastic disturbance, this model is extent to the stochastic case [7] .
The control objective is to design a state-feedback controller such that all the signals in the closed-loop system are globally finite-time regulated to the origin in probability. For this end, the following assumption is imposed throughout this paper.
Assumption 1.
There is a nonnegative smooth function ϕ 2 such that
It is worth pointing out that the upper bound of v 2 (x 0 , x, u 0 ) is more general than that in [10] , which mean that the system is less restrictive and more suitable for the engineering in practice.
Finite-time Controller Design
In this section, we proceed to design a finite-time controller based on adding a power integrator technique for the case x 0 (0) ̸ = 0, while the case that the initial x 0 (0) = 0 is dealt in next section. The inherently structure of system (3) suggests that we should design the control inputs u 0 and u 1 in two separate stages.
For x 0 −subsystem, we take the following control law
where k 0 is a positive design parameter, and p, q are positive odd numbers. . If take T * = T 0 /2, then we obtain x 0 (t) ∈ R does not change its sign when t < T * , Since we have already proven that x 0 can be globally finite-time regulated to zero as t → T 0 . Next, we only need to stabilize the x−subsystem within the given settling time T * . The control law u 1 can be recursively constructed by applying the method of adding a power integrator. Before the beginning of the recursive design steps, we need to select some constants that will be used in the control design. Take m 1 = 1 andp <q withp > 0 andq > 0 two odd integers such that
Remark 2. It is worthwhile to point out that the design constantsp andq, satisfying (5), always exist. For example, we can simply choosep = (2n + 1) − 2 andq = (2n + 1), i.e., τ = −2/(2n + 1).
Step 1. Let ξ 1 = x σ 1 , where σ > 2 is a odd number and choose V 1 = x 4σ−τ 1 /(4σ − τ ) to be the candidate Lyapunov function for this step. Then, along the trajectories of system (3), we have
Obviously, the first virtual controller
with design constant M > 0, results in
Step 2.
and consider the candidate Lyapunov function
In view of (3), (8) (9) and Lemma 2, we have
By Lemmas 3-5, we can obtain the following property.
Proposition 1.
There is a nonnegative smooth function γ 2 such that Substituting (11) into (10) gives
Therefore, choosing the actual control u 1 as
we have
Switching Controller and Main Result
In the preceding section, we have given controller design for x 0 (0) ̸ = 0. Now, we discuss how to select the control laws u 0 and u 1 when x 0 (0) = 0. In the absence of the disturbances, most of the commonly used control strategies use constant control u 0 = u * 0 ̸ = 0 in time interval [0, t s ). In this paper, we also use this method when x 0 (0) = 0, with u 0 chosen as follows:
During the time period [0, t s ), using u 0 defined in (15), new control law u 1 = u * 1 (x 0 , x) can be obtained by the control procedure described above to the original x-subsystem in (9). Then we can conclude that the x-state of (3) cannot blow up during the time period [0, t s ). Since at x(t s ) ̸ = 0, we can switch the control input u 0 and u 1 to (4) and (13), respectively.
We are now ready to state the main theorem of this paper.
Theorem 1.
Under Assumption 1, if the proposed control design procedure together with the above switching control strategy is applied to system (3), then, for any initial condition in the state space (x 0 , x) ∈ R 3 , the closed-loop system is globally finite-time regulated at origin in probability.
Proof. According to the above analysis, it suffices to prove the statement in the case where
Since we have already proven that x 0 can be globally finite-time regulated to zero in Section 4, we just need to show that x(t) is globally stochastically convergence to zero in a finite time. From Lemma 1, it is not hard to verify that the closed-loop system admits a unique solution. Furthermore in this case, choose the Lyapunov function V = V 2 , from (14), its time derivative is given by
On the other hand, similar to the corresponding proof in [12] , it is easy to verify that V 2 is C 2 , positive definite and proper, satisfying
Let α = 4σ/(4σ − τ ) and by Lemma 3, we have
Then, putting (18) back to (16) gives
By Lemma 2, the x−subsystem under control law (13) is finite-time stable in probability with its settling time T x satisfying
Hence with the choice of M satisfying M > 2V
Thus, the conclusion follows.
Simulation Example
In this section, a numerical simulation is implemented to demonstrate the feasibility of the finitetime controller which is designed in the previous sections. Assuming v 2 = sinx 1 , it is easy to check that |v 2 | ≤ |x 1 | and hence the system (3) meets Assumption 1. Let the initial value be (x 0 (0), x 1 (0), x 2 (0)) = (1, 1, 1) . Fig. 1 gives the responses of the closed-loop system, from which, the efficiency of the controller is demonstrated. 
Conclusion
In this paper, a constructive finite-time state feedback stabilization control strategy is presented for nonholonomic mobile robot with stochastic disturbance in the forward velocity by using adding a power integrator and input-state-scaling techniques. It has been shown that with the designed controller in loop, all the original system states are almost regulated to zero in a finite time. for any initial condition. In this direction, another meaningful problem needing further investigation is, when not all of the states of (3) are measurable, how to construct the state observer and propose the design approach to finite time stabilizing control via output feedback.
